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THE NUMERICAL SOLUTION OF COMPRESSIBLE FLUID FLOW PROBLEMS
By Howard W. Emmons
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8—8
P + —0
Change stagnation _ e R
Py
o _ 88,
to read stagnation _ e R

Po

Page 16, paragraph 4, line 9: Change ". . . upper left of

each net point
net point . .,

Page 20, equation

25, first part of second line:

« « " %0 read ", . . upper right

—wg'(ln p/p,) to read —WE'(ln p/po)E

Page 25, line 1l4:

The sentence

of each

Change

"The balanced case is impor-—-
tant since it insures zero rotation for the adiabatic flow

of a gas from a large region of zero velocity even though

the temperature is not uniform thers,!

can be shown that

2w =

pa® din T,
2 R

is incorrect, It

for flow from a reservoir of nonuniform temperature Ty .

Page 26, equation(39e):

Cy EE._.R dp |

T P
Page 28, line 7: Change
Y—1
Y+ 1 q to read
17
v-1 \'°
Y+ 1 %
Page 29, equation (49): ¢
tisn ¢ (X,Y), to read
Page 29, sentence followin
(48) follows." to read

Qep critical velocilty

{ 2
Y1

Change cy £¥L ~ R igl to read
Qor critical velocity = Wé%r a=?

hange AXY .« « » . for eny func—

Oxy . . . o« for any function ¢ x,¥.

g equation (54): Change
"equation (49) follows."

P =

"equation
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Page 30, equation (22): Change the term WVn (}n ——-)

to read VY <1n —_—
T

Figure 20, equation for figure reads:

,.-

s—so Y~1 Y-1 s-—sg 2/2

Pa 2 p\ Y Y R
= R e
poao PO _1 PO

Change to read:

=~ i/e2
_ =1 8780 Y—1 Y—-1 §~8

1 Y
N
oY R Y Y R
X1
- (B e NI PR A-D

Figure 22, equation for figure resads:

1/2

Y~1 Y—-1 88 Y-1 s—8o
pa 2 D p Y¥+1 ¥Y+1 R Dp ¥+1 R
i vl Il W e ©
Po?o PyPo POPO
Change to read:
1/8
Y—1 5 Y-1 §—8 ¢ 1 Y—1 58,
pa ¢ =2 1 / pp \ Y+l Y+1 R Pp Y+1  Y+1 =
= - e e
PoBo ¥-1 Kpopo PsPo
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KATIOWAL ADVISORY COMMITYEE FOR ABRONAUTICS

TECENICAL NOTE NO. 932

THE NUKERICAL SOLUTION OF COMPRESS IBLER FLUID FLOW PROBLEMS

By Heward W, Immons
SUMMARY

Numerical methods have been developed for obtaining
the steady, adiabatie flow fleld of a frictionless, per-
fect gasgs about arbitrary two—-dimensional bodies, The

solutions include the subsornie velecity regions, the super—

sonic veloclty reglons, and the transition compression
shocks, if regquired. Furthermore, the rotational moition
and éntropy changes foliowing shocks are taken into ac—
count. Extensive use is made of the relaxatlion method,

In this report the details of the methods of solution
are enphasized se ag to permii{ sthers to solve similar
problemns, Solutions already obtained are mentioned only
by way of illustrating the possibilitiss of the methods
described. _

The nmnethods can be applied directly %o wind tunnel
and free air tests of arbitrary airfoil shapes at sud—
sonic, sonie¢, and supersonic speeds,

INTRODUOTION

The knowledge of the flaow of incdhpresegidle fluids
about bodies, especinlly airfoil shapes, has been ‘greatly
advanced by the interpreftation of good experimental re—
sults in the light of theoretical predictlions. . The first

svsuccessful, easiest, and most widely uwseéful theoretical
‘results have come from a consideratlion of the two~dimen—

sionel irrotational fiow of an incompressiblis perfect fluid.

The :nowledge of the flow of compressible fluids
has made good progress in exactly the same way for two
widely separated conditions, PFirst, linearigation and

VRBGOTIGIRD
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perturbation methods yield helpful infoermation up te
moderate velocities, a Mach number from 0,5 to 0,7 de—
pending upon the hody. Second, the method of character—
istices throws a great deal of light on completely i
supersonic flows. Analytical difficultlies have to date
prevented the extension of theoretlcal results $0 many
flow problems in which both subsonic and supersonic
velocity regions occur, A. Chaplygin, Ringled, and
Tollmien (references 1, 2, and 3) have obtained a few
suggestivo exact solutions involving subsonic and super—
sonic velocity regions, Heyer, Taylor, and GSrtier (ref-
erences 4, 5, and 6) have studied in a crude approximatse
way the passage through sonie velocity inm a nozzle, None.
of these methods of solution is able to £fit arbitrary
body shapes =and is completely incapable of predicting

the ocecurrence, location, and shape of compression shocks,

When shocks are present in a solution, the essump—
tion of irrotationality of the flow of a compressible
fluid is, in genersl, no longer correct. Special forms
of the equation deseribing the rotational motion of a
gas have Deen discussed by Friedrichs and Crocco (ref-—
erences 7 and 8). A consideration of the complexity of
these squationg together with the almest insurmountadle
gnalytical difficulties encountered in attempting solu-—
tions of adiabatic, frictionless, irrotetional, shock—
free flow nakes it obvious that analytical solutions of
general high velocity problems are not likely te be found
in the near future.

A new, rather général ideg was intreduced into the
numerical solution of difficult prodblems during the
nineteen thirties. R. V. Southwellls relaxetion method

‘(references 9, 10, 11) permits the solution of problems

of the flow of incompressible, perfect fluids with grest
ease, and is readily adapted to the solution of subsonic
problems of adabatic, frictionless {no% necessarily
irrotational) flow. The relaxation method ig not direct—
ly applicable to supersonic velocity reglons, but an al—
bernative procedure based upon the uge of the finite
difference equations has been worked out., ¥Finally, the
fitting together of the subsonic and supersonic reglons,
adjusting their shapse and size with compression shocks,

if necessary, is accomplished by a combination of methods.

This investigation, conducted at the Harvard University
was sponsored by, and conducted with financial assistance =
from, the National Advisory Committee for Aeronautics.
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SYMBOLS

a acoustic velocity

6p; ey gpecific heat at constant pressure ana
volume, respectively S

G constant

D reference Qimension esetting physical escale of atr-
foill or tunnel

h specific enthalpy

distance along streamline

% Mach number

n normal distance

P pregsure

qQ velocity {(cemponents u, v)

Q residual %0 be liquidated

R gas constant

r radius of ¢urvature of streamline

8 speclfic entropy

T absolute temperature
velocity component in x direction
velocity of undisturbed stream

v velocity component in y direction

X,y coordinates in physical plane

Y = ;& isentropic exponent
v .
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] 1at£iCG spacing in computations

A change of a quanfity or the Laplace operatdr

¢ Bcalar variable _—
¥ stream funotion

Yo oconstant .
V! dimensionless stream function

n stream funection for iycompraasifle £luid

3 velacity potential for incompressible fliuld

p mass denslty |

W rate of rotat;on

Subscripts

1 incompressible fluid

x,7.t,M, denote aifferentlation in the corresponding
direction

X=X2,v=4&L denote differentiation with respect %o
D D dimensionlees coordinate in the
physical plane

1,2,3,4,0 lattice pointe

o isentropio stagnation conditions for undisturdbed
strean

RBLAXATION SOLUTION OF THE FLOW OF INCOMPRESSIBLE FLUIDS

The two~dimensional irrotsjional flow of an indohn-—
pressible fluid is described by either of the equations

-—— .~

AN = O (n is the stream function) a)
, i
. (1)
OF = 0 (€' is the veloecity potential) )
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where the volocity components are given by
o)
= = . = 7 a)
b > (= g.-x.\ (.Z)
D D/ P
vi= b oN 2N b) (2)
T D/ T
= (ay® + v4#) c)

Q4

To £ind the flow about a given air
to find & golution to one of the e

foil, it 1s necessary
quations (1) subject to

the boundary conditions that the gsurface of the airfoil

is o streamline and conditions at
Thus in figure 1, the boundary con

infinity are uniform.
ditions would dbe:
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FPor the stream funetlon

T =a constant on the airfolil

Ne-N,atys=nc

Ro=fyatysod (3a)
n=% tor x >z
Tor the veloeity pobtential
3¢ = 0 along airfoil
*(3)
635 = O at y =o=c, b (3v)

£ > %f for x —> &£ @

The Joukowski condition of no flow arvund the trailing
edge must be added.

To solve squations (1) subject to conditions (3)
for an arbitrary airfoil shape, the relaxation method
ig by far the most practical, Christopherssn .and
Southwell in reference 10 discuss the method in a general
way; Bmmons in reference 1l gives a more detailed appli-
cation to the soelution of the Laplace equation, The
method is outlined bdbelow.

The desired egquation, say {(la), is written in the
approximate finite gifference form (see reference 10 or
11):

My, + Ny + Ny ¢ Ny = 4Ny = O (&)
where TN, 1s& the value of T &at an arbitrary point in

e square net of points (see fig. 1) and Ty, Mz, Na,
N4 are the values of 7 at the four surrounding points.
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If by some precess, values of T were attached to each
point, equation (4) would immediately show whether or
not they approximated a2 solution of lLaplace'!s egquation.
If the attached values do not satisfy (4), they define
a residual Q at each point.

n1+n8+“3+n4"4no=Qo . (5>

Observe that s change of value of Ty Dby 1, all other

T's held constant, wounld change the value of the Q's

at varlous points as shown in flgure 2. Thus the residuals
may be moved at will from any given point teo the surround-
ing points. This process is physically eguivalent %o re-
moving restraints from a tension net; hence the ternm
"relaxation methed." PFigure 2 ip called by Southwell the
relaxation pattern. It gives at a glance the influence T
cogfficlients for the effect of changes of T on the
reciduals. This relaxation process is followed step by step
until all interior Q are zero and the boundary values

are as desired..

@
@

Figure 2
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To calculate the flow about an airfoil, take the
following steps: .

l, Draw the airfecil and flow region to a scale
such that the distance between net points, as § in
figure 1, 1s abdout 1% inches, Do not use too many
points at the start. Those shown in figure 1 are ade—
quate, ¥Yor greater accuracy more points can be added
in important regions, ag near the airfoil, during the
course of golution,

2, With the boundary conditiong in mind, guess
values of n at the net points, and compute the residuals,
To aid the accuracy of guessing, a freehand sketch of
streamlines and potential lines is sometimes useful,
Use whole values of n ranging from say O to 1000, It
is convenient to record at each net point values as in-—
dicated in figure Z. -

Q@ n guess
Q - any
Qs ang
ete. ete.
innal “final
' Figure 3 -

3. The residuals are relaxed, each time recording at
each point the change in n and the resultant Q. In
this way the points at which the residual is largest can
be spotted at a glance and relaxed next. Change n Dy
simple whole numbers only.

4., After all Q have values between +2 (move
decimal to position of desired accuracy) add changes of
n to get the final value (fig. 3) at each point.

5. Recompute @ Dby eguation (5) to locate any com=—
putation errors. Relax resultant Q if any.
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6. If the solution is not accurate enough, additional

' points are added where needed, In figure 1 many more

peints are needed near the sirfail, The process 1
through 5 is repeated as previously mentioned,

7¢« The required results - for sxample, pressure
distribution — can be computed by use of equations {2)
and Bernoullils equaetion, The accuracy of all the re~
sults can be at any time improved by adding more points
to the net used in the solubions.

The boundary values as given will be information
about valuos of the desired function or values of the
normal derivative of the desirgd funetion as in equa—
tion (3). When the physical boundary runs between net
points, it is sufficfently mcourate to met values at the
nearest net points by linear interpolation or extrapola—
tion, )

ds will be described in a follewing section, the
flow of a compressible fluid is best accomplished dy
maeking use of the streamlines and potential lines of the
irrotational flow of an incompressible filuid about the
same body. -

Differential Equations and Boundary Conditions
for the Adiadbabic Flow of g Frictionless Perfect Gas

The motion ef a compressible fluid is described by
three laws of natyre: namely, conservation of matter,
energy, and momentum together with the propertiss of
the fluid and the boundary conditione of thse particular
probler on hand, The second law of thermodynamics makes
a restriction on the type of discontinuity (shook wave)
that can occcur.

In the following, the fiuid will be taken as a
frictionless, perfect gas. The flew will be assumed
adigbatics Thus in the absence of compression shocks
the flow will be isentrople., The changes of sntropy in

x

the compression shooks will be considered in detail later.

If, in addition to the assumption of an adiabatic ~
flow, steady flow is assumed, the energy squation states
that

ho = b+ & (e
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is constant along a streamline but may differ in an arbi.
trary way from pne streamline %o the next., TFor all cases
agssuning uniform conditions at infinity, the stagnation

enthalpy, bhgy, 18 constant everywhere. This assumption

is usually adequate but, if not, it would not materially
gcomplicate the method of solution,

The continuity egquation in rectangular, x, y coordi-
nates is '
e , Bp¥ _ o | (7
ox 3y .

This equation permits the intryoduction of the strean
function V¥ defined by

(8)

x

oV A =
Pu= ay E\yyl pv= ax ‘U

The substance of the equations of motion for an adladatic,
frictionless flow are summed up in the equations (see
appendix 1 for derivation)

1 1 ) 3h i
SR SC-REORE St 1 2L I

where the entropy & and the stagnation enthalpy hy
are constant along a streamline. Generally, =& and
he are both constant everywhere from which the flow is

seen 0 bs -irratational.

Equations (8) substituted into equation (9) yields
the fundamental differential squation to be solved,

3 /1 awv\y,d /1 .OW ' -
52.(}.’.. <= +.5§_ = .5;,.): -2 {ioa)

The following form of equation (10) is generally more

convenient for numerical solution,

'wxx""byy"wx (an)x-\l!y (h}p)y + 2wp =0 {(10b)
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If the density is constant and the rotatioen is zero,
this equation reduces to Laplace's equation as used in
the previous section. The values of the density ratio,
p/p,» %o bs used in equation (10) are obtained from

{see appendix 2 for derivagion)

1
_ N WoE L -
Plpg = {1 - -Lz-‘- (E‘!;)} o” 232 {(11)

1/2 /e
{(pu) + (pv)} ‘(\l’ 4 \Uy.}' (12)

and

Thus the density is given &uring the c¢course of solution
by a relation

in plp, = ¢ ;‘Lg._,i*.:é‘i&) (13)
oo . . .

This relation ig plotted as computation figure 12,

It should be noted that the entropy increase is
simply related to the ghange in total pressure in the
absence of heat transfer and frictlon; The relatisn

S-So
» A
Istagnation = o ’1?‘

Po

has been plottsd as somputation

flgure 25. This relation ie only correct when the

stagnation enthalpy is constant everywhere, The §%§2

term 1s used directly in this report in spite of the
experimental significance of the atagnation pressure

ratio because of 1ites ease of use and ite more fundamental
nature in equation (9),

During the sourse of a golution the values of V.
and ¥y are pertodically introduced into equation (12};
in Pi/Po is then evaluated from computation figure 12
and is uped to corregt Bhe density terms in equation (10),
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The boundary conditions, &g for incompressible fluids,
re commonly taken as uniform properties and veloeity et
infinity and a certain few streamlines specified by the

surfaces of bodles {airfoil) and flow passages {wind
tunnel).

It was noted in the previous section that the solue
tion of the flow of an incompressible fluld about an
airfoil by the relaxation methed required speciel atten-
tion to the boundary conditions ‘'when the nat points did
not fzll directly on the boundary i1tseif, The flow of a
compressible fluid, especially near the speed of sound,
involves so many difficulittes that 1t is desiradle to
avoid the boundary cendition trouble. This is easily
done by using as a coordinate system the streamlines
(N = const) and potential lines (£ = const) for the ir-
rotational flow of a perfect incompressidle fluid about
the same airfoill. TFigure 4 showe the airfeil in the real
plane and the simple straight line boundaries required
in the transformed plane. Another advantage of these
coordinates can be anticlpated since the compressidle
fluld streamlines will not deviate too greatly €from the
incompregsible streamlines (N const),

This transformation of coordinates is gonformal and
for any conformal transformation equations {10 a,b)
become {see appendix 3.

2 (1 2, ,;,a)z_zn"m '
FE G ¥ 5k (24e)
or
_ 2
\V££+\UTm -\Vg Etng)g -\Vn (an)n +£T%IEQL=0 (14v)

Tho differential equation for ¥ has the same formal
appearance in the physical planse and in the transformed
plane (since for nearly all work the w term is negli-
gible), An important difference appears in the determi~
nation of the compressible fluid deneity during the
course of the solution., In place of equation {12), the
following sgquation is used (see appendix 3);.

=N 278 _
pqa = qi;'(\bta -l-_\llnz> £{15)
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The density is again calculated by egquatioen (13), compu-
tation flgure 12, .

* To determine, by equation (15), the value of the
fluid density at any point requires at that point a
knowledge of the V¥ gradient, For a solution of the
problem by a net of points there 1s some error involved
in evaluating the gradient. The simplest reasonably ace
curate procedure is to caleculate, for example, \Vn at
a given point as the difference between the values of
V at the preceding and following points divided by the
corresponding change of T = 2§, This method works well
a% all points away from the boundary, For boundary
points there is no "next" point from whieh to get a slopse.
0f course, any method of determining an approximate value
of lnp would be satisfactory so long as the value
would approach the correct valuse as the net interval
8§ w3 0O, However, 1t is very desirable te choose &
method of finding inp at the boundary as accurately as
possible so that a relatively coarse net (large §) will
give as accurate a2 result as possible. The following
pracedure gives very good results.

Obgerve, first, that at the boundary compressible-
(V) and incompressible (7} streamlines coincide and hence
the radius of curvaturs of these streamlines ‘is the
same. The kinematic relation for the rotation of fluld
elements (equation (29), appendix 1) gives

o}
- = dn a4 on - ‘ {16}

Since w 1s generally negligible, this equation shows
that alonhg the normal te the boundaryy thait 1s, aleng
constant £ 1lines,.the ratioc of compressible te incom-
pressible fluid veloeity (q/q;) is constant. This re-

lation is very good from boundary points %o thogse nexy
along the constant lines. In this way accurats
values of g at the boundary are computed .and thus Inp
by computation figure 13.

Relaxation Solution of Subsonic Flow Problems

In the relaxatlion solution of a non-linear equation
such a8 equation (14b), there ars several possible
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proceliures, the relative excellence of which depends
upon the relative magnitude of the various terms. The
following method hes been found very satisfapctory.

The equation (14b) for the stream function WV 1iga

put into g dimensionless form whieh permits ready change
of scales. Let

V o= Po 8o D Y, A . {(17)

where VY, &s a2 dimensisnless constant to be chosen by ;

the computer. By equations (14 a,b)

B(Eg_ ay") ,é_.(ep. _gm >=...........__.....2 b )
LAY IR VAN TR T o ai” Vg,

or

' : (18)
- 3 | I
Veg +Vny = Vg On p/po}g-v\!! s (inplpyly
&¢ qiz Po Vo
Equation (15) is also altered %o
pa . 1 8 13,1/8
Pote " agVp (V'™ +9q'") (19)
The equation (18t} for the stream function ' is put )
into finlte difference form as follows: .
. ¥ 3 N
Lot e Ve gt (a = s} (B O/Poy — ¥ P/Pog)
', 1. ;
- (Wrg= V:s ) (In P/PQIL"“" in p'/fii);- Pept = Qo {20}
4 ao‘liﬂ Pa

and equation {19) becomes
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1/2
N

Pq | ' X
boan - Qi{“’--:L—-‘U:s ) (‘1’ . - 2 ) (21)

wvhere VY, has been chosen equal to 28§ for convenience,

The best proecedure found to date for the solution of
equation (20) when the velecities are subsonic is te . .. ..
treset'the last three terms as corrections, The solutioen
predeeds from assumed values of V' +to the removal of
the Q %Dy the relaxation pattern based upon the first
five terms; that 1s, the same relaxation pattern as for
incempressible filulde (ftg. 2), The Q ars, however,
eomputed sorrectly by equation (20). Periodically during
the solution the Q .are recomputed dy equation (20) %o
take ascount of the changing values of log p/p, =and

0 terma,

In the following 1is%t, the various steps are illus.
trated by the sgokution of the flow of & compressible fluild
through-a hyperbelie channel (fig. 5).

1. Calculate the flow of an incompressible fluid
through the same flow system using, if necessary, the rew
laxatlon method as described in the ssetion, Relaxation
Solution of Incompressible Fluid Flows. Of course, if
an enslytical selution is known, this canrn be used, In
figure 5 1s shown the streamlines and velocity potential
lines #f the flow of an incempressible fiuld through a
hywserbslic channel.

2. Draw the flow reglon or £, M coordinates to a
sufficiently large scale to make room fopr the following
steps of computation 0 be recorded at each net point.
Figure 6 shows (1/4 of) ghe hyperbolic channel drawn in
the ¥, N' plane. Of course, any shape channel would
fall in the same region of the £, N plane. The im-
portant numbers obtained in step 1 are the dimengionless
incompressible fluid velocities, qy . Thesefgre plotted

in flgure 5 angd are recorded at the uppery iLf% of each
net point {(fig, &). The q; are dimensionless since %he

velescity at the centar of the passage E= 0,0 =0 was

taken 2s 1. If an airfoil with Iift is to be treated,

the €, N plane would appear as in figure 4 with an upper

?nd lower half discontinuous across the half-line T = 0,
> 0, . o
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3, Choose the desired dboundary conditions for the
problen, This is not as easy a matter as for lincom—
pressible fluids where necessary and sufficient condi~
tions for the existence »f a solution of Laplacetls
equation are known. For the hyperbolic channel, 1t was
decided to specify: symmetry abeut the x and y axish,
uniform properties and zero veloclty fear x —> o, ir-—
rotational motion throughout, M at the center of the
passage x = y = 0, For physical reasons, the solutien
of this problem is known to be unique, XNotice that it
is possible to specify, for sxample, the total flow '
through the passage in place of gome of the aforementioned
but that then the gsolution would not be unique.

4, WVith the boundary conditions in ming, guesé Valﬁes
of the sitream function YV, In the partieunlar case of
the hyperbolic channel shown in figure 8, M was chosen

es 0,85 at the tenber, At this point, therefore, =—tam

Po?g

= 0,568 Dy computation figure 14, With & <chosen as
0.15, V4 = 28 = 0,30, Hence V' (¢ = 0, n = 0,15)-V1(0,0)

1 = P4 8 0.568 _ ,
=Ynls Poa, Ve = 3 0,284, To avoid continual
use of small decimals, 1000 times this number is recorded
in figure 6, The remaining V! values along ¢ = 0 were
set by using ¥! approximately proportional to VY!'! for
a solution already obtained for M center = 0.80, A good
alternative procsdure wonld have been toc assign q/qi

constant along &= 0 {see equation (16)). Having an
approximate V! on the boundary n = 0.6, 1% 1s constant
for all £. For £ large, V! is divided proportional
to 7. Finally, all remaining values of V! are put in
by guess,

5, Compute the auxiliary quantities and the reslduals by
squation (20). The various values are arranged around the
point, as in figure 7. Note that the Vi'(iIn p/p,) term
has been omitted., This is possible only because it 1is
of insignificant magnlitude in the present cass.
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Ke 4aj

{w-} {-zn -5;} {w' + ¥y (12 E)n - o.'}
{oowr £

Figure 7

6., Relax by figure 2 to eliminate the residuals, Q.
Periodically the error must be recomputed to take cor—
rectly into account the change of the W n'(in p/p,)

term not included in the relaxation pattern. When near
Pq

the vertical tangent to the in p/p - curve

Po®p

(i.e, near M = 1), 1t is sometimes more convenient to
change the 1In p/p, instead of Y !,

7. Add more points where greater accuracy is required
and recompute as above,.

8., The required results are computed from the Y
gradient values, equation (21), and the various computa—
tion curves., In reglons near M = 1, the desired
regsults may be more accurately determined from the values
of in p/p,e In the case of the hyperbolic channel,

"figure 8 shows the distribution of velocity. In the

case of an airfoil, the most important results would be
pressure digtribution and 1ift. Computation figures 20

and 21 will supply the pressures. The 1lift can then be
obtained by integration, Finally the 1ift, or pressure
coefficient, can be found by using the velue of 1/2 p o*
from computation figure 22, The undisturbed stream dynamic’
head ig generally used and therefore the effect of en—
tropy on the 1/2 p q° againgt M relation has not been
included in computation figure 22.
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Treatment of Bupersonic Flows, Espscially Supersonic
Regionsg in an Otherwise Subsonic Flow

As the speed of sound is approached dy the fluld,
the density~-mass veloolty relation approaghes & vertical
tangent as in computation figure 12. In this region the
relaxation process is still adle t0 yleld a solution busg

the effect of changes in ¥'(or In p/po) nmust be watched

very closely s8¢0 as to avoild making resifuals worae rather
than better,

The relaxation process, the removal of residuals by
arbitrary changes of the dependent variable, becomes
confusing for supersonic velocities. The following
tentative method of solution has been found adegquate for
the problems solved %o date.

The relation useful near the boundaries. equation

(16), is approximately correct threughout: the flow field

and suggests working with q/q3 as variable in place of
of lnp, As shown in appendlx 4, equation (10) vecomes

378

vy
MIBA T Zn-——- - ¥y Zn[1+ ]
( >n ( 7% >*\
-."-Ug (inp)g -Pg-::;%%e-p = 0 (22)
1 .

This equation would be no improvement over equation (10),
except that the last three teyms are generally very

small. The first two terms then give-
Ve an
J% = 6(t) o/ Vn (28)

If dimensionless varisbles are again introduced through

V=p =a DV, ¥t and q* = 2 {24)
o "o a.q.
[ B A

there resultsg
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: , '8
Veg! #vg' Una¥ly -1/2 "’ﬂ‘{“‘ [’”WE ]}

wnla n
-t {in pfp,). + - 2D W p . 6 zs _
t O; a'owo PQ qia ( )
and approximately
- am
* = O(t)ed V¥m

{28)

A golution obtained with g% constant, 1f such that the
last three termp of equation {(25) are really negligidle,
can be checked most easily by noting the value of
(\Uﬂ')gg which is the residual in the equation {(see ap-

pendix 4)
Uyn')tg +‘yn' (Zn q*)nn + (an}n (zn q*)ﬂ = 0 (27)

A golution is obitained in the following steps.

1. ‘Lay out the problem as for a subsonic veloeity
solution following steps 1, 2, and 3.

2. On each ¢ constant line choose a value of
a* = constent. By memns of computation figure 14 determine
the value of W, at each net point (Vg2 1f not negli-
gible can be estimated later and corrected for). Inte-
grate ‘bn to find ¥ and te sheck the boundary condition
{(when a streamline ig given as at the surface of an alr-
foil or passage), If V¥ doss not satisly the boundary
condition, & new value of 'q* 4is chosen and the compu~-
tation repeated until it does.

Z. The solution to this point has been odbtalned as
a one-dimensional solution elong velocity potential
iines, each line being solved independent of the others,
The residusls (of the ¥y ) can now be avaluated from equae

tion (27) by computing (Um'tlee sbince the other two terms
LI

are zero,
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4, liake adjustments to eliminaste residunals. Nodefinite
ingtructione are given at this point bescause, to date,

. the residuals have been so very small that almost no adjust—

ment has been required, Figure 9 shows the subsonie—

-gsupersonic transition in a hyperbolic nozzie obtained as

outlined previously. This corresponds to the solution

first ;btained by & series expansion by Meyer (ses refer—
ence 4).

Solutions with Compression Shocks

Since many practical gas dynamics problems gstart with
ges of uniform properties and velocity, it 1ls generally T
not necessary to consider variations in entropy. Thus -
all the computation curves with varying entropy are not
neoeded. As goon zs supersonic regions appear, discon—
$inuities may oaccur in which the velocity drops and the
pressure rises over an extremely short distance, Con—
prossion shock, as these phenomena are called, is well
known in the literature {see, for example, refsrsnce 12).
Comprpession shocks give rise to several effects not
gonerally included in fluid mechanies solutions. In the
first place, a compression shoek involves the dissipation
of mechanical energy resulting in an increase of entropy
(sec comnutation fig. 15)., The entropy rise increases
with an increase of the supersonic veloeity of the fluid
ahead of the shock measured relative to the shoek. If
the shoclk is obligue to the approasching stream, the _
normal component of velocity suffers a sudden changse and
hence tho stream turns abruptly through soms angle (sece
computation fig. 16). The entropy change through a
gstationpary shock is thus dependent upon the lnitial
stream llach number and the shoeck obliquity.

In the stream following a shock the entropy remains
constant along each streamline, as shown in appondix 1,
but now the entropy is not constent throughout the region.
Thus in the course of the numerical solution carried out
exactly as indicated in the preceding sections, it is
necossary to look up wvalues on the compubation curves at
the entrepy appropriate to the strcamline passing through
the particular point in question. Thus sach time a com—
putation curve must be used, the current value of ¢ at
that point must be obgerved and the value of the entropy
approprlate to it must be used. As the solubtion pro—
gressos and the values of VY at points change, correc— T
tion for the attendant changss of the entyopy must be T
mado periodically.
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This does not end the difficulsties. If a shock wave
is curved, or crosses & region of nonuniform (but ire
rotational) velacity, the velocity after the shock will
not in general be distributed properly for the flow to
be irrotational. Thus the rotatien term on the right of
equation (10) cannot be ignored in the flow following a
shock wave. Quantitatively, the rotation following a
shock i1s ebtained by equation (9) from the change of en-
tropy between streamlines, which in turn is obtained from
computation figure 15 and the shock.’

Note that along a given streamline the rotation is
not constant dbut is proportional to the pressure {(ho is
st11l constant sverywhere by the essunptions of adiabatic,
frictionless flow and uniform conditions at infinityl.
Thus in a region of flow following a shock, egquation (20)
becomes, using eguation (9). .

Vot +Wgte Vg ¥ gyt - (\h'j_- Va') (in p /ooy "’?'nF’/APgLS')

4
‘ | ds) _(As
_(Va'=¥s'Y(In plegs-tnplrag) 8% “pp (’ﬁ'):s (R)s =0

. il e ’ ? ’
4  Ya*Vo® pm, Ve - Vs

whore d(;iﬁ) has been evaluated along a comstant £ line

and ;fﬂi.. ts given on computation Ffigures 23 and 24,
P.P
[+ 2all o]

Tho Final difficulty to0 be met is the fact that the
shoek is merely a "boundary condition™ between a super—
sonic region and a subsonie region, Generally, given a
golution with a shogck, it is possible to extend the super—
sonic region beyond the position of the shock (at least a
short distance) were it not present and to extend the sub—
sonic region likewise. Thus the shock 1s a wave which
moves back and forth until it has a magnitude which permits
it to0 assume a steady, fixed location in the flow, The
nature of the supersonic flow field Yextended" and ths
subsonie. flow field Mextended" determines the stability
of the shock wave, Experimentally shock waves are fre—
gquently found to waver or vibrate.

(28)

Actual solutions contalning shoeks are obbtained in

ther following way:
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1. & problem is solved as previously deseribed, in-
cluding regions of supersonlice veloelty. )

2. A shock is arbiirarily placed In some location
in the supersonie reglon. The more infermation, expsri-
mental or etherwlise, about the probable locatlion and
shape of the shoek wave, the bvetter.

3. With this shoeck fixed the flow in the region
following the shock is determined by the shock boundary
conditions of gtream function and entropy distribution.

4. On conmpleting thies solution by relaxatlon a check

at the shock will generally show that the streamline
direction feollowlng the shogk does not agree with the
shock obliguity assumed. The obliquity is changed to get
agreement of direction of the gstreamlines and step 3 is
repeated.

5. & few repetitions euffice to get a sufficiently
accurate solution.

4 golution with a shoeck in the hyperbolic passage
obtained in this manner is shown in figure 10.

CORCLUSIONS

Numerical methods for obbtaining eolutions of the _
two~dimenslonal, adiadbatic flow of frictionless, perfeet
gaees is described in detall and illustrated by solu-
tions of the flow of air through a hyperbolic passage
at widely varying velocities.

The relaxation method applied to general passages
or airfoil shapes can readily supply all data desired
for the flew of incompressible fluids, These solutions
can bhe corrected for compressibllity effects up to the

appearange ©f supersonic regions by use of the same method:

ifter supergoniec regions appear, other methods de-
secribed permi$ the furbther correction of the flow for
these @ffects. TFinally, soclutions with shocks, including
all of the attendant rotation and entropy change effects,
ave obtained by a step~-by-step process,

£11 of the methods described have one enormous ad-
vantage over analytical methads of golutlon of these
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problemns, They permit the computer to use all of the
facts he knows about the phenomensa throughout the com— L
putations, S

liany curves presenting the propertiss of air as re-— _
quired for these computations are appended. ; T

Harvard Unilversity, -
Canbridge, Mass., Marech 1, 1944, _ — D

APPENDIX I

ROTAT IONAL MOTION L

For most fluld mechanics work, the equation of _
motton of the fluild can be replaced by the fact that the
veloeity dietridbution 1s irrotational, For the super-
senic flow of compregsible fluids in which shock waves
sccur, the velocity dlstribution will not be irrotational.

Consider a general tase of the mation of a compres- ~
8ible, frictionless, perfect gas between the curved
streanlines. of figure 1l. The fluid element rotates
about an axis naormal to the paper at rate given by

2w=—--§%—-—%— (29)

The pressure gradi-
ent nornmal to the
streanlines must pro—
duce the centripetal
acceleration of thse
fluid elementy thus

dp _ pe® -
n oy (30}

Elininate r Dbetween
(29) anda (30)

1 9p
" 3 (31)

i1’

2v = ~

Figure 11 ol
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Introduce the stagnation enthalpy

h°=h+51.23- - (33)

and the thermodynamie relation . .

dh = Tds + B ,  (33)

p

and equation {31) for the rotation of the fluid element

becomes :
1 dg _ Oh _
0 = ?{(Tsz *&3) o e

Now introduce the stream function 4V = pg dn and the-
4as law p = pRT .

J
2w=-§——§$—-p9§‘@"- ¢x5)

The condition fer irrotational motjion of a perfect
gas 1s seen to be constant entropy and constant stagna~

tion enthalpy throughout the region, or else a delicate

balance between & and hg. The leanced cage is im=

flow of a gas om a large re of zer& velocity even
though the , 8
greatest importance is the adiabatic flow from uniform,
zerpcveldeity conditions at infinity., Tor this case hg
is constant everywhere and s 1is constant up te the
first shock wave, Thus the flow 1s irrotational up to
the first shock wave and rotationel thereafter.

portant sii:j>;%;insures zeTo rotatwbﬁ’f;;’the adigbatic ::
emper’

To find the distributlon of rotation behind the
shock wave, differentiate equation (32) along a stream-
line, observing thaet for adiabatic flow hg 1is constant

everywhere,

»

dh )

ature is n uniferm there, The case of
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Algo by the Bernoulli equation

L L, oy
p§§+qaL (57)

According to equation (33)

28 . 1 _b.zz.-_l_a>=o 8
3T T (an el n (s8)

The entropy remains congtant along streamlines between
shocks. Thus the rotation of the fluid is proportional
to the pressure along streamlines in regions between ~
shocks. The proportionality constant varies from stream-
line %o streamline according to the distribution of en-
tropy between streamlines produeed by the shock wgve.

APPENDIX II
THE COMPUTATION CURVES

Most of the curves found useful in computation follow
from these wellwknown thermodynamic relations for a cone
stant specific heat, perfect gas.

P =pRT (2)

2
= = r—g'-—-cr
h = cp T = . - (b)

1
ds cp%~adp=cv%¥—R§1=m£—ct%& (e)

The conservation of energy for the adiabatic flow
of a frictionless fluid is

2 .
h + %5 = hp, & gconstant along a streamline (40)
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Introdues the acoustic velocity from (39b)

iai.Ei:l--l_:.l.(.S.)”
hy 2 > 2o (_4}_.) |

mO 84
By integration of equatien (3Z9¢)

S=8p

O O A u

Computation figures 12, 13, and 14 follew immediately,

Equation (41) can be rewritten as
1 = 1 X1 (43)
T (q/aosz 2

Thie relation is indapendent of the entrepy changes and

ig given as computation figursld, Thie with computation
figures 12, 13, and 14 ylelds figures 17 and 18, 4galn by {39c)

. _ y CoT T
LT T o ()T e

This equabtion, together with {42), permits the cenat:uc-_Lr;T

tion of computation figures 20, 21, ‘23, and 34,

4 general reletien fopy %he dygamic pressure ig ob-

tained from equations (42) ana (43

P F-1 - ""'R"'. ) R P
L XM e e (4B)

Since the dynamic pressure is used only te determine

pressure coefficlents, the computation figure BB ig plotted___;

for only s~ay4 = 0. _ _ B
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The esmputation figure 15 angd 16 for compression shocks
follow from Prandtlis equation for normal shecks

Qb gqa = ggp° (26}
where
ay velocity before the shock

Qg velaelty after the shock v
Yol sl
My ql}

Ger critical velocity 32;3%3 aa

together with equatiens (39).

The entrepy increase throungh a normal shock was
computed frem

2
g0, 2 {u(zm - "*’.3-) + % in ( 2 - 1o 1]> (47)
R Y -1 Y+l Y+l (Y + 1)8°

The faet that an oblique shook ig & normal shoek to a
conponent ef the velecity completes the infermation re.
guired for eemputation figunes 15 and 16,

APPENDIX III

The transformation of the gquation for the stream
function frem the physicel =x,y plane to a new ¢, N
Plane glves 2 simple result for a ¢conformal transformae
tion, A conformal transformation results for ¢ anda T
such that ST

Tl'fugx. Ttx:-—gy (2)

This is squation (2) of the report which defines the
stream function and velocity potential of an irretational
flow of an incompressible fluld except that, for conven-

lence,

X-_-:%-,Y:% (48)
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First %4 is ghown thatl
Yxy  bmEo= %’i'i‘-Agn..i‘E. o f{as8)

for any funetlon p—{Z7¥).pzy)

Al

'A straightforward derivation seems in this case to e
simplasty '

vx = 9¢ Ex + oq Mx (50)
Repeating the process and rearranging terms,
exx =Psg bx *¥qn Ux +29gn . Ngbx + Py E-ixx;-l-fP-n Mxx (51}

A gimilar expression for Pyy when added to sguation (51)

glives

Pxx * Pyy = Pt (tg®+Ey") + Py (Ng®+ Ny}

+ 2 one (Ngly +Nyby) + Ppllxx + Eyyd+ P (nxx+Myy)  (52)

By equation {2) this reduces %o

2 = 2
byy? EPgy *Pyy = a (Pgpt Omp) = T Ayne (53)
where

a® = £x® « £y® o Nx%s NP (54)

Returning to the physical ecoordinates x = XD, ¥y = YD,
equation (ﬁ%} follows.

¥ow the conversion of the differential egquation (10a)
for the stream function, VYV, from X,y to N caordinates
follows immediately from the identity

571 W\, 3 (1 )\ 1 v o AY 1 _
&2\'{53‘5*3‘5(‘% E?)’“é' {AF+?_WAE} tss_)

Thus equation (10a)
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3/ AN\, /1 W\, ' '

becomes
3 (i 3 .@..(.L_a.\.v.h”zw (142)
55\95%>+3'ﬂ'? an/” " Tagt *

APPENDIX 1IV

DERIVATION OF EQUATIdN USED 7O COMPUTE

SUPERSOKIC VELOGITY REGIONS

To get an equation for the stream function W with .
é% as coefficient instead of 1lnp, begin with equa-. B

tion (14b).

2
Vg +Vnn > Vg (inpde —\!Jn\(tz_xp)'n + i%ﬁ’-g- = 0 (14b)

By equation'(15)

" 8. 1/2
ét = %%% wflg + i) (58)

where the square root &s (for numerical computations)
no trouble, as its value le generally very near unity.

Rewrite egquation (14b)

Vs 2D~
Yeg + Uy (In *}311 vy (imply + -—q—i-‘!,’E— =0 (57)

and substitute from equation (56)
npev (ng) -3 vo Lo (gt}
] ai n 2 Wn n

2

-\bg(tnp)g+§f1—')--%?-e-:0 (22)
9
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A sonetimes more useful form of eguation (22) :
follows vy noting that the last threes terms are generally
very small and that the velocity q 1is related to the
V¥ gradient by the ¢omputation curves. Differentiate

the first two terms of equation (22) and neglect the last
three terius.

N
(Un)pg + gy (ia L), +in (i &) =0 (o)

This becomes equation (27), if dimensionless variables
are introduced., In the use of equation (58), the
gradient is taken as Vg the Wg term being very small,
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